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Abstract 

In this paper we continue the study, initiated in [TJ H] , of the classical integrability of 
Green-Schwarz superstrings in AdSi x CP 3 and AdS^ x S 2 xT 6 superbackgrounds whose 
spectrum contains non-supercoset worldsheet degrees of freedom corresponding to broken 
supersymmetries in the bulk. We derive an explicit expression, to all orders in the coset 
fcrmions and to second order in the non-coset fermions, which extends the supercoset 
Lax connection in these backgrounds with terms depending on the non-coset fermions. 
An important property of the obtained form of the Lax connection is that it is invariant 
under Z4-transformations of the superisometry generators and the spectral parameter. 
This demonstrates that the contribution of the non-coset fermions does not spoil the 
Z4-symmetry of the super-coset Lax connection which is of crucial importance for the 
application of Bethe-ansatz techniques. The expressions describing the AdS^ x CP 3 and 
AdS2 x S 2 x T 6 superstring sigma-models and their Lax connections have a very similar 
form. This is because their amount of target-space supersymmetries complement each 
other to 32 = 24+8, the maximal number of lOd type II supersymmetries. As a byproduct, 
this similarity has allowed us to obtain the form of the geometry of the complete type IIA 
AdS2 x S 2 x T 6 superspace to all orders in the coset fermions and to the second order in 
the non-coset ones. 
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1 Introduction 

In this paper we continue the study of the classical integrability of Green-Schwarz super- 
strings in AdSi x CP 3 and AdS 2 x S 2 x T 6 superbackgrounds, whose spectrum contains 
non-supercoset worldsheet degrees of freedom, initiated in [lj [2] . 

The integrability properties of superstrings on semi-symmetric coset superspaces G/H 
with Z4~grading are, by now, very well understood. The prescription for constructing a Lax 
representation of the equations of motion of 2d sigma-models on the supercoset G/H (that 
generates an infinite set of conserved charges) has been proposed in [3] and applied to various 
concrete examples [1] including the maximally super symmetric type IIB AdS§ x S 5 superstring 

whose target superspace is so^i)x'so(5) an< ^ an so(i 3)x{7(3) sigma-model [5j [6] which is a 
kappa-symmetry gauge-fixed sub-sector of the Green-Schwarz superstring on a type IIA 
AdS^ xCP 3 superspace [7j . Other examples of interest, in particular in the AdS / CFT context, 
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are string sigma-models on PSU gl} 1 J 2 ] *xsu(2) ' * ^ wnose bosonic body is the 6d symmetric space 
AdS 3 x S 3 and on gQ(i 2)'xSO(3)xSO(3) having AdS% x S 3 x S" 3 as its bosonic subspace [8]. 
These cases are related to Wd superstrings compactified on AdS 3 x S 3 x M4 (where M4 is 
T 4 or S s x S 1 ) that preserve 16 target-space super symmetries. Another example, which we 
will consider here, is a superstring on the coset superspace so(ii)xU(i) the 4c? bosonic 
subspace AdS2 x S 2 and eight supersymmetric Grassmann-odd directions. This model is a 
consistent truncation of a lOd Green-Schwarz superstring on AdS% x S 2 x T 6 or AdS2 x5 2 x 
Cy 3 (see [2] for more details and references). It is useful to have a supercoset description 
which captures the full lOd bosonic geometry of AdS2 x S 2 x T 6 rather than a truncation 
to 4d. This can be achieved by noting that AdS2 x S 2 x I 6 , with eight fermionic directions, 
is described by the supercoset so^)xU(l)xSO(6) ' wnere the semi-direct product with P(6), 
the Euclidean group in six dimensions, accounts for the M 6 factor. Since AdS2 x S 2 x T 6 is 
locally the same as AdS2 x S 2 x R 6 , and we will only be interested in the local geometry, this 
gives us a (local) supercoset description of AdSi x S 2 x T 6 , 

Among the above examples only the AdS§ x S 5 superstring is maximally supersymmetric 
in the 10(f target space. Its number of supersymmetries and corresponding string fermionic 
modes is 32 coinciding with the number of Grassmann-odd directions of so^i)x'so(5) ' ^ n 
other words, all the worldsheet fermionic modes of the AdS§ x S 5 string are in one to one 
correspondence with the Grassmann directions of the supercoset space which fully describes 
the supergeometry of the type IIB AdS$ x S 5 supergravity solution. As a consequence, the 
prescription of [3 J for the construction of a zero-curvature Lax connection from the Z^graded 
components of the Cartan form on so^i)x'so(5) demonstrates the classical integrability of 
the full Green-Schwarz superstring in the AdS§ x S 5 superbackground which coincides with 

P577(2,2|4) 



SO(l,4)xSO(5) - 

Other, less supersymmetric, cases turn out to be more involved. For instance, the Green- 
Schwarz superstring on AdS^ x CP 3 is invariant under 24 target-space supersymmetries that 
generate the superisometry group OSp(6\4). The type IIA superspace, in which the string 
moves, has 32 fermionic directions while the supercoset so{i3) 6 xU(3) onr y has 24. This means 
that only 24 of the 32 fermionic modes on the string worldsheet can be associated with the 
supercoset Grassmann-odd directions, while the 8 remaining fermionic modes (corresponding 
to broken target-space supersymmetries) do not have this group-theoretical meaning. In fact, 
the complete type IIA AdS^ x CP 3 superspace is not a supercoset, though it has the OSp(6|4) 
isometries. Its geometry is much more complicated and reduces to that of soiisfxuis) on ^ 
in the sub-superspace in which the 8 non-supersymmetric fermionic coordinates are put to 
zero |7j. In the Green-Schwarz superstring sigma-model on AdS& x CP 3 superspace these 
eight non-sup ercoset fermionic modes can be put to zero by partially gauge fixing the kappa- 
symmetry for almost all classical configurations of the string. This however is not possible 
when the string motion is restricted to the AdS& subspace [SJ [7] or when the string forms 
a worldsheet instanton by wrapping a CP 1 cycle in CP 3 [9]. In these cases the supercoset 
kappa-symmetry gauge is inadmissible, and the non-coset fermions carry physical worldsheet 
degrees of freedom0 As a result, the construction of a Lax connection of the Green-Schwarz 
superstring in the full AdS& x CP 3 superspace, in general, should include the contribution of 
the non-coset fermions which will thus modify the form of the supercoset Lax connection of 



1 Subtleties of gauge fixing kappa-symmetry in a way consistent with the light-cone gauge in a near plane- 
wave limit of AcLSa X CP 3 has been discussed in [10] , 
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E] by terms whose structure is not captured by the prescription of [3] . 

The situation becomes even more interesting and complicated in less supersymmetric 
cases such as strings on AdS% x 5 3 x M4 and AdS? x S 2 x T 6 . For instance, as we have 
already mentioned, in AdS% x S 2 x T 6 only 8 target-space supersymmetries corresponding 
to the Grassmann-odd directions of so(i^)x^i™xSO(6) are P reserve d and hence the other 24 
fermionic modes of the Green-Schwarz superstring cannot be associated with the supercoset. 
Moreover, since there are only 16 kappa-symmetries, they can gauge away not more than 
16 of these fermions, so that at least 8 of the non-coset worldsheet fermions carry physical 
degrees of freedom and will always contribute to the structure of the Lax connection of the 
complete Wd theory. 

To deal with the non-coset fermions, an alternative prescription for constructing Lax 
connections has been proposed in [I]. It uses the Noether currents of the isometries of the 
(super) background as building blocks of the Lax connection and can thus be applied to more 
general cases than the G/H sigma-models with Z4~grading. Using this procedure, zero- 
curvature Lax connections for superstrings on AdS± x CP 3 and AdS2 x S 2 x T 6 have been 
constructed up to second order in the 32 fermionic modes, respectively, in [1] and [2]. In 
addition, in |TJ a Lax connection to all orders in non-coset fermions has been constructed in a 
special kappa-symmetry gauge of [11] in the sub-sector of the AdS& x CP 3 superstring which 
cannot be reduced to the so{i3) 6 xU(3) supercoset, thus providing evidence for the classical 
integrability of the complete theory. 

When the non-coset fermions are put to zero, the Lax connections of [U [2] are related to 
those of [3l [H O [6] (truncated to the second order in the coset fermions) by a superisometry 
gauge transformation that depends on the spectral parameter [T]. To understand how the 
presence of the non-coset fermions modifies e.g. the algebraic curve constructed with the use 
of the Z4~graded supercoset Lax connection and, hopefully, to reveal a role of the non-coset 
fermionic and bosonic modes in the corresponding Bethe-ansatz techniques, it seems useful 
to have at hand an explicit expression which demonstrates how the ^-graded supercoset Lax 
connection gets generalized by terms depending on the non-coset fermions. In this paper we 
provide such an expression for the Lax connections of the superstring on AdS± x CP 3 and 
AdS% xS 2 xT 6 to all orders in the coset fermions and up to the second order in the non-coset 
fermions. Interestingly enough, the Lax connections of the AdS± x CP 3 and AdS2 x S 2 x T 6 
superstrings have formally a very similar form. This is because their numbers of target- 
space supersymmetries complement each other to 32 = 24 + 8, the maximal number of lOd 
type II supersymmetries, and the projectors which split 32-component fermions into 24- and 
8-component ones are the same in both of the cases. 

This similarity actually has helped us to guess the form of the AdS2 x S 2 x T 6 Lax 
connection upon having constructed the AdS± x CP 3 one using the knowledge of the complete 
AdSi x CP 3 supergeometry and the superstring equations of motion. As a byproduct, this 
has also allowed us to get corrections due to the non-coset fermions to the geometry of the 
soii^xufl^xSOie) su P ercose t thus obtaining the form of the geometry of the complete type 
IIA Ad&2 xS 2 xT e superspace to all orders in the coset fermions and to the second order in the 
non-coset ones. These results make explicit the general discussion of [5] about the structure 
of the AdS2 x S 2 x T 6 supergeometry which ensures that the so(ii)xU(i) sigma-model is a 
consistent truncation of the complete Wd superstring action on AdS2 x S 2 x T 6 . 

An important property of the obtained form of the Lax connection is that it is invariant 
under the Z4 transformations of the superisometry generators provided that the spectral 
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parameter x gets replaced with its inverse — . This demonstrates that the contribution of 
the non-coset fermions does not spoil the Z4-symmetry of the supercoset Lax connection 
which is of crucial importance for the Bethe ansatz equations, both classical and quantum 

naisiisiiHi. 

The paper is organized as follows. 

In Section 2 we explain our conventions and notation and describe some general properties 
of the supercoset Lax connection, and the relation of its zero curvature condition to the 
equations of motion of the corresponding 2d dynamical system. 

In Section 3 we extend the supercoset Lax connection with contributions coming from the 
string fermionic modes associated with broken targetspace super symmetries. In Section 13.11 
we sketch the construction of the Lax connection of the AdS± xCP 3 superstring starting from 
that of the so{iyj 6 xU(3) sig ma_m °del and modifying it with terms containing the non-coset 
fermions (which we call v) in such a way that the zero-curvature condition is satisfied order 
by order in v if the worldsheet fields obey the superstring equations of motion. 

In Section 13.21 we pass to the consideration of the AdS2 x S 2 x T 6 case and assume that 
its Lax connection has a similar form to that of the AdS^ x CP 3 superstring but with the 
role of the coset and non-coset fermions interchanged and with an appropriate redefinition 
of the form of the gamma-matrices involved in the construction. We then require that this 
Lax connection has zero curvature, derive from this condition the equations of motion of the 
AdSi x S 2 x T 6 superstring and reconstruct the geometry of its target superspace. Namely, 
we find the bosonic and fermionic vielbeins, the spin connection and the NS-NS three-form 
superfield strength of the AdS 2 xS 2 xT 6 superspace to all orders in the fermions parametrizing 
the supercoset so^)xU(i)xSO(6) anc ^ ^° ^ e second order in the non-coset fermions. 

In Section 4 we demonstrate that the obtained Lax connections are invariant under the 
Z4-transformations and discuss their relation to conserved currents and the Lax connections 
constructed in [U [2] . 

In the Conclusions we discuss open problems, possible generalizations and applications of 
the results obtained. 

2 Setting the stage 

2.1 Main notation and conventions 

We use the metric with the 'mostly plus' signature (— ,+, • • • ,+). Generically, the tangent 
space vector indices are labelled by letters from the beginning of the Latin alphabet, while 
letters from the middle of the Latin alphabet stand for curved (world) indices. The spinor 
indices are labelled by Greek letters from the beginning of the alphabet, while their curved 
(world) counterparts are denoted by letters from the middle of the Greek alphabet. 

The bosonic coordinates of the ten-dimensional type IIA target superspace in which the 
string moves are denoted by X M (M = 0, 1, • • • ,9) and the Grassmann-odd coordinates are 
denoted by (fi = 1, • • • ,32). Since we consider the string sigma-model we shall always 
assume that X M and @^ depend on the string worldsheet variables £ l = (r, a). 

The geometry of the target superspace is encoded in the form of the vector £ A (X, 0) and 
spinor £ a (X, O) supervielbeins, and spin connection Q AB (X,@). In the string sigma-model 
these one-forms are pulled back on the string worldsheet, which will always be implicit in what 
follows, e.g. £ A (X,e) = d£{diX M £ M A (X, &) + d i Q^£ fl A (X, 6)). The lOd supergeometry is 
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subject to the basic torsion constraint which we choose to be 

T A = d£ A + £ B n B A = -i£T A £ + i£ A £X + X -£ A £ B d B 4> (2.1) 
and the NS-NS three-form superfield strength is constrained as in 

H = -i£ A £V A Y n £ + i£ B £ A £ r AB r n A + ^£ C £ B £ A H ABC , (2.2) 

where X a (X, 0) is the dilatino superfield, 4>(X, 0) is the dilaton and d A = £ A m 8m + £A ll d ll . 
The dilatino superfield is not independent but is proportional to the spinor derivative of the 
dilaton [15] 

K = -^d a := - l - {£ a M d M 4> + £ a ^4>) . (2.3) 

The matrices £ A M , £ A 11 , etc. in the definition of d A and d a are the inverse supervielbeins. 

We shall consider classical superstrings in AdS^ x CP 3 and AdS2 X S 2 x T 6 superback- 
grounds of type IIA supergravity. As we will see many expressions turn out to be very similar 
which allows us to treat both cases simultaneously. Nevertheless, strings in the AdS2 x5 2 xT 6 
superbackground of type IIB supergravity can also be treated in a similar fashion with only 
slight modifications of our formulas due to the same chirality of the Wd Majorana-Weyl 
spinors (see [2]). 

AdS4 x CP 3 is parametrized by the AdS± coordinates x m (m = 0,1,2,3) and the CP 3 
coordinates y m (m' = 4,5,6,7,8,9). The vielbeins along AdS^ are e a {x) = dx m e m a (x) 
(a = 0,1,2,3) and along CP 3 are e a ' (y) = dy m ' e m > a ' (y). The Wd vielbein is then e A (X M ) = 
(e a (x),e a '(y)). 

The AdSi curvature is 

^ Cd = J^[Ap R ab = -^e a e b , (2.4) 
where R is the CP 3 radius or twice the AdS^ radius, and the CP 3 curvature is 

/ ; 111 ii ii 

Ra'b' C = —Jp (^fo' $b'] + J[a' C Jv\ +Ja'b'J C ), (2.5) 

where J a ' b ' is the Kahler form on CP 3 . 

AdS2 x S 2 x T 6 is parametrized by the AdSy coordinates x m (m = 0,1), the S 2 coordi- 
nates x m (m = 2,3) and those of T 6 y m (m! = 4,5,6,7,8,9). The corresponding vielbeins 
are e a = dx m e m a (x) (a = 0, 1), e a = dx m e„ a (i;) (a = 2, 3) and e a ' (y) = dy a ' . We will often 
combine the AdS2 and S 2 indices into a = (a, a) = 0, 1, 2, 3. 
The AdS2 curvature is 

Rab Cd =^2^V R ah = -^Z\ (2.6) 

where R is twice the AdS2 (or S 2 ) radius, and the S 2 curvature is 



The lOd curvature of AdS 4 x CP 3 and AdS 2 x S 2 x T 6 is denoted by Rab CD ■ 
The D = 10 gamma-matrices satisfy 

{r A , r B } = 2t] ab , r A = (r\ r a '), a = 0,1, 2, 3 a' = 4, •••,9. (2.8) 

We also define 

75 = ^^ 012 \ 

77 = ;r 456789 , 

Tn = 7577, (2.9) 

all of which square to one. The charge conjugation matrix is denoted C. The matrices C, 
^ abc anc ^ ^ abcd are anti-symmetric while CT^, CT % B and C^abcde are symmetric, 
where the indices are eleven dimensional, A = (A, 11). 

Finally we introduce a spinor projection matrix V% which singles out an 8-dimensional 
subspace of the 32-dimensional space of spinors 
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rs = -(2-iJ a/b/ T ab Y), (2.10) 

where J^y is the Kahler form on CP 3 or T 6 . The complementary projection matrix which 
singles out a 24-dimensional subspace is then 
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P 24 = 1 - V 8 = -(6 + iJ aiy T a b 7 7 ) . (2.11) 
o 

Some useful identities satisfied by the gamma matrices and these projectors are given in 
Appendix iDl 

In the AdSi x CP 3 case P24 singles out from Q 24 fermionic coordinates 

= V 2 4& 



corresponding to the unbroken supersymmetries and, hence, to the Grassmann-odd directions 

emaining 

v = V 8 



of the supercoset so{i3) 6 xU(3) ' wriUe the remaining eight 



are non-sup ercoset fermions. 

In AdS% x S 2 x T 6 the role of the two projectors gets exchanged. V% singles out from 0° 
8 fermionic coordinates 

= p 8 e 

corresponding to the unbroken supersymmetries and, hence, to the Grassmann-odd directions 

Pg[/(l,l|2)xiE(6) 
SO(l,l)xt/(l)xSO(6) • 

v = r 24 e 



of the supercoset qnn^y'nn^-f^n/^ > wnue the remaining twenty four 



are non-sup ercoset fermions. 

To treat the two cases simultaneously we shall always denote the coset fermions by 1? and 
the non-coset ones by v. The projector which singles out the coset fermions will be denoted 
by V, namely 

i? = pe, v = {i-r)e. (2.12) 
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Let us note that as solutions of the type IIA supergravity equations of motion the AdS^ x 
CP 3 and AdS2 x S 2 x T 6 backgrounds also contain non-zero constant Ramond-Ramond F2 
and F4 fluxes which are implicitly encoded in the form of the projectors (|2.10p and (|2.1ip . 
namely 

f = ~V^, (2.13) 

where 

t = ^ (-\t ab t iiFab + ±t abcd f abcd ) 

and 7* stands for 75 in the AdS& x CP 3 case and for r 01 7 7 in the AdS2 x S 2 x T 6 case. The 
explicit form of the RR fluxes can be found e.g. in [7] and [2p . 

2.2 Superstring action and equations of motion 

The Green-Schwarz superstring action in a general supergravity background [16] . written in 
terms of worldsheet differential forms, is 

S = ~ J *£ A £ B V AB + T J B, (2.14) 

where the pull-back to the worldsheet of the target-superspace quantities is understood, 
the star * denotes the Hodge dual operation on the worldsheet and the wedge product of 
differential forms is implicit. From this action one gets the superstring equations of motion 
which have the following form for our choice of the superspace constraints, eq. (|2.ip (see also 
[11] ) . The fermionic field equations are 

* Q = i * £ A (T A £) a - i£ A {Y A T n £)a + \ * £ A £a Xa + \£ A £ B (T AB r u X) a = , (2.15) 

and the bosonic field equations are 

B A = d*£ A + *£ B Q B A + i*£ A £\ + \(*£ A £ B d B (l)-*£ B £Bd A (j)) 

- i£T A T u £ - 2i£ B £T A B T n \ + X -£ c £ B H A BC = . (2.16) 

Note that in the AdS& x CP 3 case d A (j) = □. We shall see that it is also zero in the 
AdS2 x S 2 x T 6 case to the second order in v and guess that it may also be true to all orders, 
because of the similarity between the two cases. 

If we put the non-supercoset fermions v to zero the equations of motion (|2.15|) and (|2.16p 

reduce to those of the sigma-models on so(i P z)xU{?,) an< ^ so(i^)xu'{i)'xSO(6) ' res P ec ti ver y> with 

2 To be precise, eq. ()2.i3[) holds for the AdS2 x S 2 x T 6 background with a non-zero F4 and F2 flux such 
that the latter has support on S 2 as in eq. (3.3) of [2]. 

3 To check that in the AdSi x CP 3 case 8a4> = one can use the fact that <j>(v) and X a = —^d a (j> do not 
depend on X M and $ (see [7]), so we have 

= du<t> = £m 9a4> + £M a d a <j) = Eu A dA<t> + 3i£M a \ a = 0. 

If 8a4> = 0, from the above equation it follows that the contraction of the gravitino superfield £m" with the 
dilatino \ a of this supergravity solution is zero, £M a X a = 0. This can be checked using the explicit expressions 
for £ a and \ a derived in [7]. 
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the equations of motion of the T 6 coordinates decoupled in the latter case. In our conventions 
the supercoset equations of motion have the following form 

= i*E A (r A E) a -iE A (r A r u E) a = o, (2.17) 

B A = V * E A - iET A r u E = , (2.18) 

where V * E A = d * E A + *E B tt BA and £1 AB (X, #) is the supercoset spin connection VL AB = 
tt AB \v=o, and E A (X,<&) = c~ 2 £ A \ v=0 and E a (X,'d) = c^S^^o (with c being a constant 
dilaton factor) are the supercoset supervielbeins. They are the components of the Cartan 
form valued in the isometry supergroup G {i.e. OSp(6\A) or PSU(1, 1|2) x E(6)) 

K = g^dgiX, 0) = hl AB M AB + E A P A + Q a E a , g(X, 0) e G/H . (2.19) 

The algebra of the isometry generators and the explicit form of the supercoset bosonic and 
fermionic supervielbeins, and the spin connection are given in Appendix A. The isometry 
algebra is invariant under the following action of the Z4-automorphism on the generators 
T = (M, P, Q) 

ftCn^jr 1 ™ n(M AB ) = M AB , n(p A ) = -p A , n(Q) = -iQT n , n 4 = i. 

(2.20) 

Note that in the AdS2 x S 2 x T 6 case the T 6 translation generators P a > also have Z4-grading 
one, as those of AdS% x S 2 . 

When the non-coset fermions are non-zero, the supercoset field equations (|2.17p and 
(|2.18p acquire non-zero right-hand sides 

*o = 0{v) , B = 0{v) (2.21) 

which should be taken into account when extending the supercoset Lax connection to a zero- 
curvature Lax connection of the complete theory (see Section 3). 

2.3 Supercoset Lax connection 

The equations of motion of the superstring on the semi-symmetric supercoset spaces with 
Z4~grading ()2. 19|) and ()2.20p admit a Lax representation which implies classical integrability 
of the corresponding sigma-model O HI [5j [6]. This means that from the components of the 
Cartan form (|2,19p pulled-back on the worldsheet and their 2d Hodge duals one can construct 
a Lax connection (depending on a spectral parameter) which has zero curvature provided that 
the equations of motion (|2.17p and ()2.18p are satisfied. And vice versa the zero curvature of 
the Lax connection implies the field equations. In our notation and conventions the supercoset 
Lax connection has the following form 

L C oset = \tt AB M AB + (1 + ai )E A P A + a 2 * E A P A + Q((3 2 + p x T n )E , (2.22) 

where a\, a 2 , fit and f3 2 are numerical parameters whose values are determined by requiring 
the zero-curvature condition 

dL cose t — L cose t A L cose t = (2.23) 
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to hold on the mass-shell (|2.17p and (|2. 18j) . This gives the following relations between the 
parameters 

a\ = 2qi + a\ (2.24) 

and 

ft = W¥> A = ±-2=- (2-25) 
V 2 sj la\ 

They can therefore be expressed in terms of a single spectral parameter x as follows 

2x 2 2x ix i 

ai = T^> a2 = —i = h = 7^=x (2 - 26) 

It is very useful for further analysis to specify the properties of the 32 x 32 matrix 

V = (3 2 + PiV xl , (2.27) 

which enters the Lax connection ()2.22p . It is easily seen to satisfy the relations 

V 2 = l + ai -a 2 T u , VV* = Pi-/3 2 = l, (V^ a p = -(CV T C) a p = (f3 2 -pir u ) a p, 

(2.28) 

where C denotes the anti-symmetric charge-conjugation matrix (see Section [2.ip . Therefore 
V G Sp(32). 

It is easy to check that the Lax connection ()2.22j) is invariant under the Z4-transformations 
of the generators (|2.20p accompanied by the inversion of the spectral parameter 

n(x) = - , (2.29) 

which implies that 

ai-»--ai-2, a 2 ^-a 2 , V-^irnV. (2.30) 

Namely, 

Q(L C oset( x )) = 1 L cose t(—) ^ = L cose t(x) . 

Note that in the AdS 2 x S 2 x T 6 case the first term of (|2.22|) may in general include the 
50(6) spin connection on T 6 whose curvature is zero. Therefore, it can be gauged away by 
performing a suitable gauge transformation of L cose t, and the resulting Lax connection will 
contain only terms associated with the £^(1) 6 'translations' P a > along T 6 which completely 
decouple from the PSU(1, 1|2) part and, therefore, can be taken with arbitrary coefficients. 

The explicit dependence of the supercoset Lax curvature on the left-hand sides of the 
supercoset field equations (|2,17p and (|2,18p looks as follows 

dL coset - L coset A L coset = a 2 {B$P A - -^^7**0) , (2.31) 

where again 7* stands for 7 s in the AdS^ x CP 3 case and for r 01 7 7 in the AdS 2 x S 2 x T 6 
case (see eqs. ([279]) and (|A.4j) ). 
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3 The Lax connection of the complete GS superstring to quadratic 
order in non— coset fermions v 



We are now ready to extend the supercoset Lax connection (|2.22p with terms that include 
contributions from the string fermionic modes v associated with broken target-space super- 
symmetries 

L = L coset (X,$) + a 2 L'(X,$,v), (3.1) 

where the factor of a 2 in front of L' is due to the same factor on the right-hand side of (|2.3ip . 
The correction L' which is aimed at canceling the r.h.s. of (|2.31|) . turns out to take the same 
form for both the AdS^ x CP 3 and AdS 2 x S 2 x T 6 case and looks as follows 

L' = — -^Q 7 * [*(E A + 2ivT A E) T A Vv - (E A + 2ivT A E) T A r n Vv] 

-^<?7* [i(vT A T u E) T A Vv + i{vT A E) T A T u Vv] 

2 

+ (2ivT A *E + ivT A * Vv - — * E B vT A V^r B v) P A 

R 

+ {2ivT A T n E + ivT A T u Vv - -E B vT A T n V^r B v) P a 

R 

+ U*E C vT c DE V 2 v - E c vT G DE T n V 2 v) R DE AB M AB , (3.2) 

o 

where the matrix V has been introduced in (|2.2Tj) . and 7^, V and Rde AB are defined for 
AdS^ x CP 3 and AdS 2 x S 2 x T 6 in Section [2.11 and Appendix [Al The covariant derivative 
is defined with respect to the supercoset spin connection Q AB — Q AB \v=o> he. Vv = (d - 
\Sl AB T AB )v. 

To construct L'(X,"&,v) one had to know the form of the right-hand sides of eqs. (|2.17p 
and (|2.18|) . For the AdSi x CP 3 case these can be given to all orders in v since the explicit 
form of the geometry of the AdS± x CP 3 superspace is known [7]. Because of technical 
complications, we have however restricted the construction of the Lax connection to the 
second order in v only. 

In the AdS 2 x S 2 x T 6 case the explicit form of the geometry of the complete target 
superspace is not know, so our strategy was somewhat opposite to that of the AdS^ x CP 3 
case. We have assumed that in the AdS 2 x S 2 x T 6 case the Lax connection has a similar form 
to the AdSi x CP 3 Lax connection, i.e. eq. (|3.2p with the appropriate replacement of the 
supersymmetry projector V and the product of gamma-matrices 7* appearing in the definition 
of the isometry superalgebra (see Appendix [A}. Then, requiring that the AdS 2 xS 2 xT e Lax 
connection has zero curvature we have reconstructed the superstring equations and the form 
of the AdS 2 x S 2 x T 6 superbackground up to the second order in the non-coset fermions and 
checked that it indeed satisfies the constraints of type IIA supergravity. 
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3.1 AdS A x CP 3 case 

Taking the expressions for the quantities defining the full AdS± x CP 3 supergeometry [7] and 
expanding them to the second order in v we get 

£ A = c 2 (l-^-v^v)(E A + 2ivF A E + ivT A Dv) + 0(v 3 ), 
R 

VZ = c(l - T^vT^v T b + -vTWv T h Y n + t^vv 75 )P + 0(v 3 ) , 

(l-V)E = cDv + 0(v 3 ), 

A = ^7 5 v + 0(v 3 ), 
12% 

H *bc = -^vT abc T u v + 0(v 3 ), (3.3) 
where c = es^ = , 4>o is the value of the dilaton for the AdS^ x CP 3 supergravity 



solution, k is the 'Chern-Simons' level, l p is the lid Planck length and 

Dv = (V + ^E a l5 T a )v. (3.4) 

Remember that in the above expressions E A (X, $) , E a (X, $) and ft A B (X, i?) are the com- 
ponents of the Cartan form of the supercoset go ^f 3)xi7(3) ( see Section 12.11 and Appendix 
IA.2p . Note also that though in the background under consideration the purely bosonic part 
of the NS-NS flux Habc(X) is zero, its superfield extension is non-trivial and depends on 
the non-coset fermionic coordinates. 

We can now insert the expressions (j3.3[) into the complete equations of motion ()2. 15j) and 
(I2.16P and thus find the corrections to the supercoset equations (|2.2ip . For this we should 
also know the form of the spin connection Q AB (X, v) which was not derived in [;7J. The 
expression for n AB (X,$,v) can be obtained by analyzing the torsion constraint ()2.ip and has 
the following form to the second order in v 

Q ab = nr + ^-S^vT^'jsE + S^vT^sDv + y^E^vr-'^v 

~ f W E c ' vT«'\,v) + 0{v 3 ) . (3.5) 

Notice that (due to the last term in (|3.5p ) the spin connection takes values in the whole 
D = 10 Lorentz algebra so(l,9) rather than in the stability subalgebra so(l,3) © u(3) of the 
bosonic coset AdS^ x CP 3 . This reflects the fact that the complete AdS^ x CP 3 superspace 
is not a supercoset. 

The explicit form of the corrections to the equations of motion (|2.17p and (|2.18p are given 
in Appendix [Bj Thus, the correction V to the supercoset Lax connection which cancels the 
contributions of the right-hand sides of these equations to the Lax curvature (|2.3ip has been 
found to be eq. (|3.2p . 



3.2 AdS2 x S 2 x T 6 Lax connection and supergeometry 

We now pass to the consideration of the AdS2 x S 2 x T 6 case. As we have already mentioned, 
a problem that we meet is that here the explicit form of the corresponding lOd superspace 
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with 32 fermionic directions is unknown. What is known is the supercoset structure of its 
sub-superspace obtained by putting to zero 24 fermionic coordinates v and, on the other 
hand, the structure of the complete AdSz x S 2 x T 6 superspace to the second order in the 
32 fermions (see [2] for more details and references). Our goal is to take a step further 
and to find the explicit form of the AdSy x S 2 x T 6 superbackground to all orders in the 8 
coset fermions i? and to quadratic order in 24 non-coset fermions v. To this end, we assume 
that the AdS% x 5 2 x T 6 Lax connection has the form of (|3.ip and (|3.2p in which now L cose t 
and L' are constructed with the use of the Cartan forms, the curvature of so^i)xli(i)xSO(6) 
and the structure of its isometry superalgebra given in Appendix [A] Namely, in (|3.2|) we 
now take V to be the supersymmetry projector V% and 7* = r 01 7 7 as in the superalgebra of 
P5tT(l,l|2) x E(6). 

Then, requiring that the curvature of the Lax connection (|3.ip and (|3.2[) vanishes, we get 



the form of the superstring equations (|2.15p and (|2.16p in AdS2 x S 2 x T 6 as a deformation of 



the 



P577(1,1|2)*E(6) 



50(1 i)x{/(i)x50(6) s ig ma_m °del field equations to the second order in v and consequently 
reconstruct to the same order the form of the supervielbeins, the spin connection and the 
NS-NS superfield strength of the complete AdS2 x S 2 x T 6 superbackground. 

Using the expressions given in AppendixOthe curvature of the Lax connection (|3.1|) with 
L' given in eq. (|3.2p and valued in the PSU(1, 1|2) x E{6) superalgebra of Appendix lAl can 
be assembled to have the following form 



dL - LL 



a 2 



-(v(yifr^f + -B^vT^V 2 v) RafJ-M eJ _ + cB A P A 



2i 



+ 3^7*^(1 - P)V P A + ^B B vT A Bl *v P A + ^B B vY A VY Bl *v P A 

rt rt ti 

4^7** - QVh^AV - -^QV^*Y BC ^vY BC ^v 



R 



2E 2 



R 

QV^* l7 r B if vY B ^ 7 v 



AR 2 

^gy t 7 ,r B r 11 ^ur%r 1 



- ^QVh^aVl^vY^'^v - -^LqV^Y^^VvY^v 

+ 2vY a ' li< Y 11 vQVY a , 1 ^ + 2^r a '7^QFr 11 r a ,7^)] + 0(v 3 ) , (3.6) 

where, if the curvature is zero, ^ a and B A should vanish and hence should coincide with the 
equations of motion of the AdS2 x S 2 x T 6 superstring. 

Comparing the form of these ^ Q and B A with the Green-Schwarz superstring equations 
(|2.15|) and (|2.16p we find that the AdS2 x S 2 x T 6 supergeometry is described by the following 



12 



supervielbeins, dilatino and spin connection 



E A = c 2 (l + ^-v^v){E A + 2ivT A E + ivT A Dv) + 0{v 3 ) 
R 

PS = cT(l + ^T B ^ l7 v T Bl7 - —vT B ^T n v T B Y n - —vT BC ^v T BC )E + 0(i 

[1-V)£ = c[Dv + {1-V){—vT b ^ 17 vT b 1i-^vY b 1 J: 11 vV b Y 11 -—vY bc ^vYbc 

ZtL Zri 4it 

- ^^ c 'r 11 u 7 ,r^r 11 - I-vt^'v^t^e] + o(v 3 ) 

o," 

A = -—^v + 0(v 3 ), (3. 

R R R 

+ p l X ] Z C vT a '(l - V)T b '^Tcl,v + ^- 2 S l X ] E c ' vY^'VY^v 

*&&E? vY°'\v - |i 8 W vY%,v + 0(v 3 ) , (3.8) 



R 2 a b c " R2 



where 



Dv = (V + -E B (1 - V)Tb1*)v (3.9) 

and the constant c = ee^ , where 4>q is the dilaton vacuum expectation value of the AdS2 x 
S 2 x T 6 supergravity solution. 

Finally, the NS-NS three-form field strength turns out to be 

Habc = [^l^ABcYwy^v - 8f A v7*Y B VYc\Ygrf*Y\iv - Sf A 5 e B vY c]de Y u v 

+ 5f A 5 B vT c]ii T 11 v)+0(v 3 ). (3.10) 

It remains to verify that this is indeed the correct form of the super geometry, i.e. that 
the above expressions solve the supergravity constraints to the relevant order. This is not 
guaranteed since they were derived from the flatness of a Lax connection which we simply 
postulated. It is known that it is enough to demonstrate that the Green-Schwarz string 
action possesses kappa-symmetry in order to say that the background is a solution to the 
supergravity equations. This in turn simply amounts to verifying that the components of 
the torsion T A and NS-NS superfield strength H have the appropriate components involving 
fermionic supervielbeins whose form is dictated by the supergravity constraints f)2. 1 j) and 
(j22J). 

Indeed, with the above choice of the spin connection (|3.8p it is not hard to verify that 
the type IIA supergravity torsion constraint (|2.ip is satisfied to the quadratic order in v. As 
far as the constraint (|2.2p is concerned we should substitute into it the expressions (|3.7p and 
(|3.1U|) and check that the resulting superform H is closed. This can indeed be verified but 
the calculation is somewhat lengthy and we leave the details for Appendix [El 
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Thus we have constructed the super geometry of the AdS% x S* 2 x T 6 solution of type 
IIA supergravity to all orders in the 8 supercoset fermions i? and to the second order in 
the 24 non-sup ercoset fermions v. Although in this paper we have not obtained the RR 
superfield strengths F2 and F4, which are needed for the construction of D-brane actions 
in this superbackground, these can be found using the Bianchi identities, the corresponding 
superspace constraints given in [11] and the above form of the supervielbeins. 

By constructing the zero-curvature Lax connection we have demonstrated that the GS 
string in AdS2 x S 2 x T 6 is classically integrable up to quadratic order in the non-supercoset 
fermions and to all orders in the coset fermions thus extending the results of [2j which con- 
sidered all the fermions to the second order only. 



4 Properties of the Lax connection 

4.1 Z 4 — invariance 

The Lax connection (|3.ip with L cose t and V given, respectively, in (|2.22p and (|3.2p is invariant 
under the ^-transformations (|2.2U|) of the isometry generators and the inversion of the 
spectral parameter (|2.29p and (|2.30p . This demonstrates that the contribution of the non- 
coset fermions does not spoil the Z4-symmetry of the supercoset Lax connection which is of 
crucial importance for the derivation of the algebraic curve and the Bethe ansatz equations, 
both classical and quantum [TJl [131 El E]- The Z4-invariance induces the corresponding 
conjugation symmetry of the monodromy matrix of the Lax connection 

n -1 M(l/x)fi = M(x) 

used for the construction of the algebraic curve 0. 



4.2 The Lax connection and conserved currents 

Let us now present an interesting observation how the Lax connection L = L cose t + 012L 1 can 
be related to the conserved current associated with the superisometries. First of all notice 
that in the limit 02 = e — > 0, in which 

ai = ~e 2 + 0(e 4 ), p 1 = -l e + 0(<?), /3 2 = l + 0(e 2 ), (4.1) 

and 

V = h + PiT n -> 1, V* = - Arn -> 1 , 
the Lax connection reduces to 

L = K + 0(e), (4.2) 

where K(X, , d) is the supercoset Cartan form introduced in (I2.19p . 

In fact, the term denoted by 0(e) in the (gauge-transformed) Lax connection is the 
worldsheet Hodge dual of a superstring conserved current J associated with the background 
superisometries, namely 

1 L — K 
* J = lim - {gLg- 1 - dgg' 1 ) = g lim g' 1 , (4.3) 

e->0 e e->-0 e 



4 We thank Kostya Zarembo for the discussion of these points. 
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where g(X,'&) is the superisometry group element determining K in (|2,19p . 

The conservation of J, i.e. d * J = 0, follows from the flatness of the Lax connection and 
the Cartan form 

dL - LL = , dK - KK = . (4.4) 
Indeed, in view of (14.21). we have 



d*J = glim — — ^—Q 1 —*JgKg 1 — gKg 1 *J 
< -o e 



q lim 



{ L-K)K + K { L-K ) g _, _ fJgKrl _ gKg _, tJ = ^ 



Note that in the case of the supercoset Lax connection (|2.22p (when v = 0), the current con- 
structed in this way coincides with the conserved current of the G/H sigma-model considered 
in ia El H] 

J coset = g(E A P A - ~Qr n * E)g- 1 . (4.6) 

We can now write the correction (|3.2p to the Lax connection in terms of (transformed) 
components of the conserved current as 

L' = g- 1 * (J - J coset )g , (4.7) 

where J and Jcoset are, respectively, the complete conserved current (to second order in v ) 
(|4.3p and the conserved current of the supercoset model (|4,6p . and the tilde means that in 
their expressions we perform the following substitutions of spinorial quantities 

E -»• V j E, Vv -»• VWv and v Vv. 

For instance, 

Jcoset = g(E A P A ~ \QTuV^ * E)g- 1 . (4.8) 

Whether this fact is of some deeper significance remains to be understood. Perhaps, a 
better understanding of this could lead to a proposal for the complete Lax connection to all 
orders in the non-coset fermions. We leave this problem for future analysis. 



4.3 Relation to the Lax connections constructed in [H [2] 

In [TJ [2] Lax connections for the superstring in AdS± x CP 3 and AdS2 x S 2 x T 6 have been 
constructed (up to second order in fermions) using components of the Noether currents of the 
corresponding superisometries OSp(6\4) and PSU(1, 1|2) x C/(l) 6 (note that only the Abelian 
£7(l) 6 -currents of the E(6i) isometries enter the Lax connection) 

J =JB + Jsusy , (4.9) 

where the conserved current Jg of the bosonic isometries has the form 

J B = J 1 + J 2 , (4.10) 
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Ji = i^e A (x) + ier A ve + ier A r n *ve 

-| e B @r A v^r B e - 1 * e B er^^r^e)^ ^r 1 )!^, 

(4.11) 

j 2 = l -(e c er AB c e-*e c er AB c r n e)R AB DE (gM DEg - 1 )u =0 

o 

and the supersymmetry current J SU sy is 

Jsusy = ^{gQg-^U^lA^TATnQ - e A T A Q) . (4.12) 

In (|4.11|) and (|4.12p the isometry group element (|2.19|) is evaluated at t? = H. 
The Lax connection constructed in [Tj [2] has the following form 

A = a\ Ji|e=o + a 2 * Ji + a| J 2 + a 2 (l + ai) * J2 - a 2 (/3i J SUS2/ - #2 * J s « sy ) , (4.13) 

where the coefficients a± 2 and /3i 2 are the same as in (|2.22p . 

Now note that in the limit ()4.ip the Lax connection reduces to the Hodge dual of the 
conserved current (|4.9p 

lim -A = *J. (4.14) 

e->0 e 

Comparison of eq. (|4.14p with (|4.3p suggests a non-straightforward relation between the two 
connections via the following gauge transformation depending on the spectral parameter and 
accompanied by the shift in the X-dependence of A|j 

a(x m + ivr M ^,e) = g x {x,@)L{x 1 e)g x 1 {x,@)-dg x g x - 1 (x,e), (4.15) 

where both sides are truncated to quadratic order in fermions, T M = T A e A M (X) and 
Q X (X,@) is an isometry supergroup element depending on the spectral parameter x, which 
in the exponential parametrization has the following form 

g x (X A , G) = e (xA+i»r*(i-v*y>)p A e Qv* ^ n A B) ^ (4 16) 

where 

is a compensating gauge transformation in the stability subgroup H (i.e. 50(1,3) x U(3) or 
50(1, 1) x 50(2)) of the superisometry group G. 

Actually, as an independent derivation procedure, alternative to that described in Section 
[3l we also got the form of the terms in L' quadratic in fermions in the Lax connection (|3.2p 
by performing the inverse gauge transformation, from A to L. 

Note that in contrast to ()2.22p and (|3.2p the Lax connection (|4.13p is not directly in- 
variant under the Z4-transformations (|2.2U|) . (|2.29p and (|2.3U|) . In particular, its first (on- 
dependent) term acquires the shift -2e A n(gP A g- l \ # = o). To get back A in its initial form the 
^-transformed Lax connection 

n(A(x)) = fi _1 A(~)fi 



5 Note that Ka{X) = {gPAg )|#=o an <l — PO = 7*(<?Qff )U=o are simply the Killing vector and the 
Killing spinor of the superisometries (see [HE] for more details). 

6 The shift X -> X + ivr A tf in A is required since A and L are constructed in different coordinate systems 
(see Section 2 of [9] for more details about the choice of the coordinate basis) . 
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should undergo a compensating gauge transformation and one finds 



A = g n fi(A) G^ 1 - GndGn, where Q n = M" 1 ^ A > 

G X (X, 6) is the same as in (|4.15p and A is evaluated at X M + iv T M, d. Of course, this gauge 
transformation, which also affects the spectral parameter x, is nothing but a different form 
of the relation (|4,15p taking into account the Z4-invariance of L. 



4.4 Lax connection and kappa— symmetry 

The Green-Schwarz formulation of the superstring is invariant under the local fermionic 
transformations of the target-space coordinates Z M = (X M ,6^) which satisfy the following 
properties 

d K Z M S M a = \(l + r) a p ^(0, a = !,-■■ ,32 (4.17) 

5 K Z M £ M A = 0, A = 0,1,--- ,9 (4.18) 

where K a (£) is a 32-component spinor parameter, |(1 + T)"^ is a spinor projection matrix 
with 

r = - J- = & £i A £j B T AB T u , r 2 = 1 , (4.19) 

2 ^-detgij 

and gij is an induced worldsheet metric. 

The string equations of motion (|2.15p and (|2.16p transform into each other under the 
kappa-symmetry variations. Since the condition for the Lax connection to have zero-curvature 
is in one to one correspondence with the equations of motion, it is natural to assume that 
on the mass-shell the Lax connection should be invariant under the kappa-symmetry trans- 
formations, at least, modulo a gauge transformation. This is indeed so in the case of the 
supercoset sigma-models (see e.g. [5]). The explicit check that also the non-coset Lax con- 
nection (|3.ip . (|3.2p possesses this property would be somewhat cumbersome, but fortunately 
one should not do this, because there is a simple generic proof that makes this fact evident. 
Indeed, since any Lax curvature depends on the left-hand-sides of the equations of motion 
(as e.g. in (|2.31|) and (j3.6|) ) . its variation under (|4,17p and (|4.18|) also depends on the field 
equations and hence vanishes on-shell. This means that kappa-variation of the Lax connec- 
tion leaves its curvature zero and, therefore, the kappa-transformed Lax connection is related 
to the initial one by a corresponding infinitesimal gauge transformation taking values in the 
isometry superalgebra. 



5 Conclusion 

We have constructed the zero-curvature Lax connections for Green-Schwarz superstrings 
in Ad S4 x CP 3 and AdS2 x S 2 x T 6 superbackgrounds which generalize the corresponding 
supercoset sigma-model Lax connections with contributions due to the physical world-sheet 
fermionic modes associated with non-supersymmetric directions of the target superspaces. 
We have shown that the contribution of the non-coset fermions does not spoil the important 
property of the Lax connections being ^-invariant and demonstrated how the obtained Lax 
connections are related via gauge transformations to the Lax connections constructed in [TJ [2] 
with the use of an alternative (Noether-current) prescription. 
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Having at hand Lax connections which include the contribution of non-coset worldsheet 
modes one can address the problem of how these modify the algebraic curve and Bethe ansatz 
equations for the full superstring theory in these backgrounds. This should lead to a more 
general approach to integrability of Green-Schwarz superstrings which does not rely on having 
a supercoset sigma-model description of the string. 

The terms in the Lax connections containing the non-sup ercoset fermions v have been 
computed to the second order in v. An interesting and important open problem is to un- 
derstand the structure of the Lax connections to all the orders in the non-coset fermions. 
Presumably, the series in v (eq. (|3.2p ) would converge into covariant expressions in terms of 
background superfields (supervielbeins, connection etc.) as happens for the supercoset Lax 
connections expressed in terms of the superisometry Cartan forms. 

In the process of the construction of the Lax connections we have obtained the form of 
the superfield quantities (supervielbeins, connection, NS-NS field strength and dilatino) that 
describe the AdS2 x S 2 x T 6 superbackground to all orders in the supercoset fermions and 
to the second order in the non-coset ones. We have also obtained the explicit form of the 
spin connection of the AdS± x CP 3 superspace (to the second order in v) which was left out 
in [TJ. In contrast to the Green-Schwarz formulation, the knowledge of the form of the spin 
connection is required, for instance, for the pure spinor description of superstrings in curved 
superbackgrounds [T7J and, in particular, is needed for extending to the full AdS^ x CP 3 
superspace the supercoset pure-spinor sigma-model of [181 EH EQ] . With some more efforts, 
which will be made elsewhere, one can also compute the form of the superfield strengths F2 
and of the RR fluxes in type IIA AdS2 x S 2 x T 6 superbackgrounds and corresponding 
quantities describing this superbackground in the type IIB case. These are also required 
for the construction of the pure spinor string action and for studying D-branes in these 
superbackgrounds . 

Finally a detailed knowledge of string theory in Ad&2 x S 2 x T 6 might shed light on the 
corresponding AdS2/CFT\ holographic duality which so far has not been well understood. 
This correspondence is especially important due to the relation to black holes in D = 4 
that have an AdS2 x S 2 near-horizon geometry. The integrable string model considered here 
could for example be used to make predictions for anomalous dimensions of operators on the 
gauge-theory side which could be compared to those computed in a given candidate dual 
theory. 
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A Supercoset description of AdS^ x CP 3 and AdS 2 x S 2 x T 6 
A.l OSp(6|4) and PSU(l, 1|2) X £(6) superalgebras 

The superisometry group of AdS^ x CP 3 is 05p(6|4) while the (local) superisometry group of 
AdS 2 x 5 2 x T 6 is P5C/(1, 1|2) x £7(6) (the semi-direct product^ of PSU(1, 1|2) with generators 
(P a , M„b, Q) and the Euclidean group in six dimensions with generators (P a ', M a iy)). The 
commutation relations of both the 05p(6|4) and PSU(1, 1|2) x £(6) superalgebras can be 
written in 10D notation as 

[P A , Pb] = -\rab CD M cd , [M AB ,P C ] = vacPb - VbcPa 
[M AB , M C d] = VacM B d + "HbdMac - VbcMad - i]adM bc , (A.l) 

where Rab CD is the Riemann tensor of AdS& x CP 3 or AdS 2 x 5 2 x T 6 respectively, which 
are given in Section I2.U while the commutation relation involving fermionic generators are 

[Pa, Q] = ^Ql*P A V [Mas, Q) = -\qTabV , (A.2) 
{Q, Q} = 2i{VT A V) P A + ^{VT ab ^V)R A b CD M CD . (A.3) 
In these expressions 7*, V and R are given by 





05p(6|4) 


PSU(1,1\2) x £(6) 




7 5 


r°V 


V 


V 2A 




R 




< 2RAdS 2 


7 5 = 


fr 0123 


and 7 7 = *r 456789 



(A-4) 



where 



A.2 Supercoset geometry 

The supercoset corresponding to AdS± x CP 3 with 24 fermionic directions is 

50(1,3) x U(3) ' 1 ; 

while the supercoset corresponding (locally) to AdS 2 x 5 2 x T 6 with 8 fermionic directions is 

P5C/(1,1|2) x £(6) 



50(1,1) x 50(2) x 50(6) 



(A.6) 



where £(6) is the Euclidean group in six dimensions. The supercosets are parametrized by 
bosonic coordinates X M and fermionic coordinates $ = VQ. The corresponding supercoset 
geometries are described by Cartan forms satisfying the Maurer-Cartan equation 

K(X,#) =g- 1 dg(X,$) = Ul AB M AB + E A P A + QE , dK = KK . (A.7) 



7 It is the semi-direct rather than the direct product since the fermionic generators of PSU(1, 1|2) transform 
under a (7(1) C SO (6) C E(6) as follows from IpP]) . see also 0. 
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For instance, if one chooses the isometry supergroup element in the form g(X, $) = e PjiXA e®^ , 
the supervielbeins and spin connection are given by 



E A = e A + 2W COsh M- 1 D#. 

M 2 



fsmh.M xa 
E a = [ ^ - D0 

V AB = u AB + |^r g % C ° Sh ^ 2 ~ 1 M R CD AB , (A.8) 

M 2 = -hv^Y A d){dT A V) - ^R AB CD (T CD $)($T AB ^) , (A.9) 

Dfi = V(d - -u AB T AB + -V lic Y A )d (A.10) 
4 it 

is the Killing-spinor derivative. 

From the Maurer-Cartan equation one also finds the supercoset torsion 

VE A = dE A + E B n 0B A = —iET A E, (A.ll) 
V E = (d-]n AB T AB )E = ^-E A (V^T A E) (A.12) 



where 



while 



4 u R 



and curvature 



d n AB + n AC n 0C B = {\e d e c - *et cd ^e)r cd ab . (a.is) 

B Superstring equations of motion on AdS^xCP^ to the second 
order in v 

To derive the form of the corrections (|3.2[) to the supercoset Lax connection due to the 
non-coset fermionic modes v we have had to compute the corresponding corrections to the 
superstring field equations (|2.21|) . which have the following form 

* = i*E A (T A E)-iE A (T A r 11 E) 

= -i* (2ivT A E + ivT A Dv) (T A E) + \- * E A wy 5 v(T A E) + * E A vT b j 5 v (T A F b E) 

R 2R 

-^*e a vr^v (r^r 6 rn£0 ~^* eAvv ( t ai$e) - ^e a (r A r n £) 

+ i(2ivT A E + ivT A Dv) (T A r u E) - ^-E A vT^v (r A r u r 6 E) 

ZR 

- ^E A vF b 7 7 v (T A F b E) + ^E A vv (T Al7 E) - i * E A (T A Dv) 

+ iE A FaTuDv) + ^*E A E A ( 7 5 v) + \e a E b (T AB77 v) (B.l) 
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and 



V*E A - iET A T n E 



-V * 



1 



2ivF A E + ivT A Dv - --v^vE A 
R 



+ — * E Dv 7 5 u + 2iEr A T u Dv 
R 



+ iDvT A T u Dv + 2iET A r n ( -— vT^v T b + -v T b j 7 v r b Tu + —vv 75 ) E 

2R R 2R 



I * E b '5 A vT a ' bn5 E + I * E b S A vT a b75 Dv + ^ * E b ' E C 5 A vT a ' b , c v 



4 * 



^E B ET A Bl 7 v - -E° Dv T a b1'v + j^E c E°vT abc T 11 v . 



-A 7 



6/ 



?c jpb„ 



(B.2) 



where E A = E A + 2ivT A E. 

C Curvature of the Lax connection 

The curvature of the Lax connection , (|3.2|) computed to quadratic order in the non-coset 
fermions v can be split into three pieces corresponding to the generators in the superalgebra, 
M AB , P A and Q: 



dL — LL = (dL - LL) M + {dL -LL) P + (dL - LL) Q . 
With a bit of work one finds that, to order v 2 , 



(C.l) 



(dL — LL)m 

0*2 

Tl 



i * E A vT CD T A V 2 E + i*E A vT CD T A V 2 Vv - iE A vr CD T A T u V 2 E 



- iE A vr CD T A T n V*Vv + AvT^V^Ev T u T n E + 4vT"E vT u T n V A E 

- vT A T n E ET CD VT A V 2 v - vT A E ET CD VT A T u V 2 v + * E A vT A CD V 2 v 

- \ET A E vT a cd T 11 V 2 v + 4 * E C E A vT D V 2 Vj*T A v - ^-E C E A vT D V 2 T u r^T A v 
2 R R 

_ 21 * e b E a vTbTi^VTaThv - ^E B E A vT B V^T CD VT A v\ R CD EF M EF (C2) 
R R 

where we have again introduced E A = E A + 2ivT A E to shorten the expressions. The terms 
in the Lax curvature proportional to P A are 



(dL- LL) P = 

a 2 \v * (E A + ivT A Vv) - iET A T u E - 2iET A T u Vv - iVvT A r n Vv 
- -E B vF A T n V^T B E - -E B vT A r n V^r B Vv — — * E B ET A V^r B v 



R 
2 



- * E B VvT A V^T B v + -E D ET A V^T B r u v + -E° VvT A V7*T B T u v 
R R R 

^*E B vT A Vj*T B Vv + -?-ET B E vT A T n Vj*r B v - -^ET B r u EvT A V^T B v 
R R R 



R 

2 A 



R 



B 
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+ ^EY DE ^EvY A Y n Y BC vR BC DE - l -E F E D vY ABC Y u v R BCDF 
16 8 

- -E F E D vr D BC r n v R BC F A + ~ A E B * E F vT F DE v R DEB A - %vY B Y u E EY A V^Y B v 
4 4 it 

- %vY B E ET A P^T B T u v - -| (V * E B - iET B T n E) vY A V^Y B v] P A . (C.3) 
R R 

Finally the terms proportional to Q in the Lax curvature become 
(dL - LL) Q = 

a 2 ^ \{E A + ivT A Vv) QV^^TaTuE + E A QV^*Y A Y u Vv 
R I 

- *(E A + ivT A Vv ) QV^*Y A E - *E A QV^*Y A Vv 

- ^—E A E B Qvh*r A v^r B r u v - 1 * e a e b qv^,y a v^y b v 

- \ * E B EY A V^Y B v QV^*Y A v + \ * E B vY A V^Y B v QV^*Y A E 
-\*E B vT A E QV^TaP^Vbv + \e b EY A V^Y B Y xl v QV^Y a v 
+ ^E B vT^nV^rBV QV^YaE + ^E B vT A E QV^+YaP^YbY^v 

- ^E B vY A Y 1 {P^Y B EQV^ it Y A v - ^E B vY A V^Y B E QV^*Y A Y n v 

- \-E B vY A EQV^*Y B7 *VY A Y n v - \-E B vY A Y xx E QV^+Y Bl ,VY A v 
+ ^{*E C vY c DE v - E c vY c DE Y llV ) R DE AB QV^Y AB E 

+ ( * E B vY A E (2QV^Y A V^Y B Y u v - QV^Y B ^VY A Y llV ) 

+ *E B vY A Y u E (2QV 7 ,Y A V^Y B v - QV^Y Bl ,VY A v) 

- E B vY A E (2QV^Y A V 7 *Y B v - QV^Y B ^VY A v) 

- E B vY A Y n E (2QV^Y A V^Y B Y n v - QV^Y B ^VY A Y u v) 

- ~^(*E C vY c DE v - E c vY c DE Y u v) R DE AB QVY AB Y U E 

- ^(*E C vY c DE Y u v - E c vY c DE v) R DE AB QVY ab e) 

- a 2 ^z (V*E A - iEY A Y u E - 2iEY A Y n Vv - \e b vY a Y x {P^Y b E 

R\ R 

+ 1 E B EY a V^Y b Y u v ~\*E b EY a V^Y b v) QVh±Y A v , (C.4) 
where we've used the fact that 

2(Y A Y ll E) a {Y A E)p + 2{Y A E) a {Y A Y ll E) p + (r A r n ) a/3 EY A E+(Y A ) af3 EY A Y n E = (C.5) 
and 

vY A Vv QV^*Y A Y U E + vY A Y n Vv QV^±Y A E + EY A Y n Vv QV ] lir Y A v 
+ EY A Vv QV^TaTuv + vY A Y n E QV ] ^Y A Vv + vY A E QV^*Y A Y n Vv = (C.6) 
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which follow from the basic Fierz identity (|D.11|) . 



D Gamma-matrix identities 

Some useful gamma-matrix identities are (a = 0, 1, 2, 3) 

r abc = _ ie abcd Td ^ (D.l) 

T ab = ^abcdr^ (D2) 

pa = l ab cd r 5 (D3) 
O 

and some useful identities involving the projection operators are 

V 8 T a ' b ' c 'p 24 = -3iJ^ b 'p 8 T c \p 24 (D.4) 



p 8 T ab P 8 = U ab 1 7 P 8 (D.5) 

T a 'v 8 T a , = 2P 2i (D.6) 

r Kp 8 r 6 '] = hp 2i T a ' b 'p 24 + % -J a ' b ' l7 P 2i (D.7) 

Vu(6% +iJa> b 'n)TyV 2 A = (D.8) 

P s $, -ij/^TyVu = 0. (D.9) 

D.l Fierz identities 

The basic Fierz identity for the D = 11 gamma-matrices we use says that 



where A = 0, . . . , 10. In Z) = 10 notation this becomes the identities 

u4 



^(1^)^=0, (D.10) 
tion this becomes the identities 

rf a/3 (r A r n ) 7o) =o (D.ii) 



and 

r^(r^ B ) 7i5 ) + r^(rur B ) 75) = o . (D.12) 

We can also expand fermion bilinears in a Fierz basis as follows: 

000/3 = ^ee-^^rnr^er^rnG-^r^er^e 

+ zh\ {TABcTll)aP QTAB ° T ^ e + 32T4T r ^cD er^ CD e . (D.13) 

It will be useful to project this identity in various ways using our projection operators. In 
the AdSi x CP 3 case when v = P 8 v we get 

v a vP = \(PsCT P vv + \(^P 8 )^v^v-\{T a ^P 8 ) a PvT a ^v 

00 o 

+ \{T al 7 P 8 )^ vY^v - ±-{T abl 7 P 8 ) a P vT ab 7 7 v 
8 lb 

- ^(PsTa'b'c'PsTPvr^'v + -l-^Ta^TnVs)^ vT°'™T n v 

+ -^{PsTaTvc'd'P^ vT a T b ' c ' d 'v (D.14) 
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and it follows from this expression that 

(T a 'v) a (r a ,vf = -\(V 24 C)^ vv - ^(7 5 W 3 vj 5 v ~ \(r al 5 V 24 ) a(3 vY a ^v 

- \(r a i 7 v 2A ) aP vr a 7 7 v - I(r ab7 7 p 24 )^ vr ab 7 7 v . (d.is) 

Similarly we have in the AdS 2 x S 2 x T 6 case when v = V 2 /\v that 

(VsT a 'v) a {T a ,vf = -\WT P vv - \(V s ^) a0 v l5 v - ^(VsT^rf 5 vT^v 

- l(p 8 T^ 7 ) af3 vTaiiv - I(p 8 r^ 77 )°^ vT^f 7 v 
- \(VsTa b H 5 )^ W^ l5 v - l^sT^T 13 vT&v . (D.16) 

These identities were used in many places in the calculation of the curvature of the Lax 
connection. 

E Check of the closure of H in AdS 2 x S 2 x T 6 

The NS-NS three-form superfield strength in the AdS 2 x S 2 x T 6 background is given by 

H = -i£ A £r A T 11 S + i£ B S A ST AB T n \+^S c S B £ A H ABC 

= -ic 2 £ A ETaTuE - 2ic"E A ET A TuDv - ic i E A DvY A T\\Dv 

■ 4 

+ l -^-E A (vT B j^ 7 v ET AB75 E - tT%r n i; ET AB E + vT AB ^v ET B T n E 

1 2 ^ 

- vT&Tnv E^r A n c ,E + -vT^'v ET^TaT^e) + -j^-E B E A ET AB Y lllis v 

+ ^E B E A DvT AB r u ^v + ^E C E B E A H ABC + 0(v 3 ) , (E.l) 

where £ A and H AB c are given is (ET71) and lETTO]) respectively, and £ A = £ A + 2ivT A E. We 
wish to demonstrate that this form is indeed closed. 

After a bit of algebra using the torsion equation (|2.ip and Fierz identities one finds 



1 2i 2i 2i 

-AH = -E B ET A EET AB T lll *v + -E B ET AB EET A T n ^v--E B ET n EET Bl *v 
c K K K 

+ „r^£r aV r Il7 *v« + ^£ B £r a 'x^£r a , B r ll7 ^ - ^^£;r„riiSD U7 ^ 

rt xi Jx 

+ ^j^vr^iH; Mvr n7 *r 6 £ - iE B (n AB - n 0AB ) et a t u e - 2iE A DvT a y x1 vdv 

- 2iE B (n AB - n 0AB ) ET A T u Dv - ^E C E B (Q AB - n 0AB ) Er A c r n i*v 
+ -jgE af E£vT t/ EET a , Vs r n v + ^E A V (yT B licl7 v ET ABlb E - v^y+Tuv ET AB E 
+ vT AB ^v ETbThE - vF^'Tuv E lir T A Y b _ d E + ^vT^'v £r u7 *r^IW£ 
+ d {^E B E A DvTabTu^v + ^E C E B E A Habc \ . (E.2) 
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The terms in the first line vanish due to the Fierz identity (]D.12p , Using the expressions for 
Q, AB and Habc given in (|3.8p and (|3.1U|) and simplifying further this becomes 

- -^E c E b ' EY A Ev li X b ,Y A Y ll {\ - P)Y c l±v + ... 

+ jpE b ' ' E^EY^Y al vEY n iiXvT al v + -^E b ' E^EY^ u ^Y a ,v E^Y^v 

- ■^E b 'E^EY a 'vEY bl j: 11 Y a ,v - ^E B ' & ET ^-f 'v EY B Y nlir Y a ,v 

- ^E V E^EY^EvY w Y n v - ^E b ' ' E c E l7 E vY cVlb v - ^E v E c - EY±Y n E vY^yv 

- ■^E B E^EY^Y u Ev^Y Q a B7 ,v + ^E B E^EY±Ev^Y mB Y n ^v 

- -^E b ' E- EY-E vYcayYiiv + %E a ' EY bt E vT^^uVv + %E* EY ab E v^Y b -Y n V v 

+ ^E^EY^Ev^Y^Vv + ^E b ' vY a ' E EY^Yn^Vv + ^E B EY a 'V 'v EY a , B Y ' n ^v 

+ %E b> v^Y a , b ,EEY a 'Y n Vv - %E a ' EY k Ev lit Y alb Y tl Vv - %E a ' EY k Y xl Ev^Y alb Vv 
it H H 

_ l E a ' EY^EvYa^YnVv + ^E a ' EY b -Y xl E vY a , bl *Vv - ^E b - EY^E v^Y b Y aY nV v 

- ^E- EY-YuE vy+YhYgyv + %E A EY U E vj±Y A Vv - %E A E l7 Ev^ 5 Y A Vv 
it it it 

+ ^E a ' E l7 E vw 5 Y a ,Vv , (E.3) 

where the ellipsis in the first line denote three terms which, together with the previous term, 
cancel due to the Fierz identitity (|D.11|) . Using the Fierz identity in ()D. 16|) the terms with 
two bosonic vielbeins can be seen to cancel and we are left with 

2*^/ ETb , EvT ^^ T ^ Vv + ^ E * ET ^ EviiX h VnVv + ^E^ETg^E^ThrVv 

+ ^V' vY a 'EEY a , b ,Y ul *Vv + %E B EY a Vv EY a , B Y n w + %E b ' v^Y^E EY a 'Y u Vv 
H H H 

- ^E a ' EY^Ev^Y a , b Y n Vv - ^E a ' EY b -Y n E v^Y^v - ^E a ' EY^EvY^YuVv 

+ ^-E a ' EY^Y 11 EvY a , b ^Vv - ^E^EY^Ev^Y b YaY u Vv - ^ E- EY-Yu E v^+YbYaVv 
H H H 

2i 2i 4i 

+ -E A EY n E v^Y A Vv - -E A E l7 E v^ 5 Y A Vv + -E a E l7 E vw 5 Y a ,Vv . (E.4) 
H H H 
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We now use the fact that 

^E^ETabEv^TnVv + ^E^ EF^E v^T^ 7 Vv 

= ^E^ETaTBEv^TnVv + ... + -^E^E l5 TaT B Ev^T B T nlB Vv + ... 

Ai u Ai u 

+ -E^v^T b TaEVvT b ,r n E - -E^v^T b T^ n EVvT v E 
ti ti 

- ^E^ET u Ev^r a Vv - -^E^E l7 Ev^T al5 Vv 
ti ti 

Ai u Ai u 

= -E^v^T b TaEVvTvTuE - -E^v^T b TaTuEVvT v E 
ti ti 

- -^E^ETuEv^TaVv - ^E±E l7 E v^T^v , (E.5) 

where the first ellipsis denote the 5 terms which together with the previous term cancel due 
to the Fierz identity (jD.lip and similarly for the second ellipsis. This leaves us with the 
following terms in dH 

- %E B ET A E VvTaTuTb^v + ...- ^-E b ' ET A E VvT A Y n T vli ,v + ... 
ti ti 

_ L E V E^EVv^TvTaTuv + ... + %E V E^T h X A EVvY A T xl v + ... 
ti ti 

+ %E b ' EiiXafW VvY a 'T n E + %E b> Ei+YmTxxv VvT a ' E 
ti ti 

+ %E a ' ET b£ EvT a , b£ ^T n Vv - %E b ' E^T u EVvTyv - %E b ' EyEVvT v -y 5 v 
ti ti ti 

+ %E b ' ETnEv^TvVv + %E b ' E l7 E v^Tyj s Vv . (E.6) 
ti ti 

Again the ellipsis denotes terms which cancel together with the previous term due to (jD.lip . 
Using the relation 

E r b£ Evr a , b£7 *r u Vv 

= ~^E b ' E^r^TnE VvY mV v - ^E y E li;l5 T^T n E VvT^y^v 

= ~^E b ' E^F^VnE VvTaT&v + ...- ^E b ' E^T^TnE VvY A T^ lh v + ... 

- ^E b ' E^T^vVvT^TuE - ^E b ' E^T^Tnv VvT a ' E 

+ %E b ' EnEVvTvwsv + %E b ' EY lx EVvYy^v 
ti ti 

+ %E V EjEVvTy^v + %E V E^T u EVvTyv 
ti ti 

= -%E b ' E lit Y alv vVvY a 'r 11 E - %E b ' E^T alv Y ll vVvV a ' E 
ti ti 

+ %E V E-/ 7 EVvT bn ^ 5 v + %E V EV n EVvV vlic v 
ti ti 

+ %E b ' EjE VvTy l5 v + %E b ' E lit T n EVvTyv , (E.7) 
ti ti 
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we see that also the last remaining seven terms in dH cancel. This completes the proof that 
the NS-NS three-form we have constructed for AdS2 x S 2 x T 6 is indeed closed. 
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